Hopf-link semimetals exhibit exotic gapless band structures with fascinating topological properties, which have never been observed in nature. Here we demonstrate nodal lines with topological form of Hopf-link chains in artificial semimetal-bands. Driving superconducting quantum circuits with elaborately designed microwave fields, we mapped the momentum space of a lattice to a parameter space of the Hamiltonian for a Hopf-link semimetal. By measuring the energy spectrum, we directly imaged nodal lines in cubic lattices. By tuning the driving fields, we adjusted various parameters of Hamiltonian. Important topological features, such as link-unlink topological transitions and the robustness of the Hopf-link chain structure were investigated. Moreover, we extracted the linking number by detecting the Berry phase associated with different loops encircling nodal lines. This topological invariant clearly reveals the nontrivial topology of the Hopf-link semimetal. Our results provide knowledge for developing new materials and quantum devices.
Introduction
Topology plays a very important role in physics research, inspiring many findings in condensed matter physics during the past decades. For instance, topological insulators and superconductors [1, 2] , which have gapped bulks with topological structures, have been both theoretically and experimentally discovered recently [3] [4] [5] . Their physical properties are characterized by nontrivial topological invariants. In addition to protected gapped systems, gapless band structures can also be topological materials, such as Weyl semimetals [6] [7] [8] [9] [10] . The study of band-touching manifolds, including semimetals with 0D nodal points (or Dirac points) and 1D nodal lines, deepens our understanding of condensed matter physics [11] [12] [13] [14] [15] [16] . Comparing to 0D gapless modes, nodal lines provide richer topological structures: nodal rings can touch at special points, resulting in various shapes of nodal chains. Recently, it was theoretically predicted that semimetals with a unique Hopf-link structure are possible [17, 20] . The Hopf-link, which consists of two rings that pass through the center of each other, represents the simplest topologically nontrivial link. A typical Hamiltonian based on a cubic lattice with Hopflink structure [17] is given by H(k) = f 1 (k)σ 1 + f 2 (k)σ 3 , f 1 (k) = sin k y cos k z − sin k x sin k z , f 2 (k) = 2 cos k x + 2 cos k y + χ, (1) where σ 1,2,3 are the Pauli matrices and χ is a tunable parameter. Nodal lines in the Brillouin zone can be interpreted as the intersecting lines of two surfaces S x : f 1 (k) = 0 and S y : f 2 (k) = 0, forming a novel doublehelix structure. Furthermore, due to the periodicity of the Brillouin zone, the cylinder S y folds into a torus, so the double-helix structure deforms into a Hopf-chain [as shown in Fig. 1(a) ]. The nodal loop cannot shrink to a point without crossing each other, leading to a finite linking number of the Hopf-chain. This basic topological invariance can be extracted from the Berry phase [18] carried by a closed loop which encircles the nodal rings [17, 19] . It is easy to verify that Hamiltonians with Hopf-chain structure obey P T combined symmetry, while breaking the individual T and P symmetry since [H(k), P T ] = 0, where T is the time-reversal operator and P is the spatial-inversion operator.
In this paper, we have experimentally realized the topological Hopf-link semimetal bands in a squarelattice, via an analogy between the momentum space with a controllable parameter space in superconducting quantum circuits. By measuring the whole energy spectrum of our system in Brillouin zone, we have clearly imaged the gapless band structure of topological semimetals with linked nodal lines. The topological link-unlink phase transitions in semimetal bands can be manipulated by intentionally adding an extra term in the simulated effective Hamiltonian [17] . Furthermore, to demonstrate the topological robustness of the Hopf-link, a perturbation which breaks P and T symmetry, while preserves joint P T symmetry, is applied. It is verified experimentally that the Hopf-chain of the topological semimetal bands are still present under such perturbations, although the position of nodal lines are changed drastically. To characterize the topological properties of the Hopf-chain, we extracted the linking numbers of nodal lines by detecting the Berry phase after evolving the system along designed paths enclosing or disclosing nodal lines respectively [17, 20] . All of these observations illustrate convincingly the topological properties of Hopf-link semimetals, making these systems promising to develop new materials and devices.
Results
The superconducting quantum circuits used in our experiment consist of a superconducting transmon qubit embedded in a 3D aluminium cavity [21] [22] [23] [24] [25] mon qubit, composed of a single Josephson junction and two pads (250 µm × 500 µm), is patterned using standard e-beam lithography, followed by double-angle evaporation of aluminium on a 500 µm thick silicon substrate. The thicknesses of the Al film are 30nm and 80nm, respectively. The chip is diced into 3 mm × 6.8 mm size to fit into the 3D rectangular aluminium cavity with a TE101 mode resonance frequency of 9.053 GHz. The whole sample package is cooled in a dilution refrigerator to a base temperature 10 mK. The transmon can be considered as an artificial atom located in a cavity and the dynamics of the system is generally described by the theory of circuit QED [26] [27] [28] [29] . We designed the energy level of the transmon qubit to let the system work in the dispersive region [27] . The quantum states of the transmon qubit can be controlled by microwaves. IQ mixers combined with 1 GHz arbitrary wave generator (AWG) are used to modulate the amplitude, frequency, and phase of microwave pulses. To readout qubit states, we used an ordinary microwave heterodyne setup. The output microwave is pre-amplified by a HEMT at the 4 K stage in the dilution refrigerator and further amplified by two low-noise amplifiers at room temperature. The microwave is then heterodyned into 50 MHz and collected by ADCs. The readout is performed with a "high power readout" scheme [30] . We sent in a strong microwave onresonance with the cavity, the transmitted amplitude of the microwave reflects the state of the transmon due to the non-linearity of the cavity QED system. According to circuit QED theory, the coupled transmon qubit and cavity exhibit anharmonic multiple energy levels. In our experiments, we used the lowest three energy levels, |0 , |1 , and |2 , as shown in Fig. 1c . The two states |1 and |2 behave as an artificial spin-1/2 particle, whose three components may be denoted by the three Pauli matrices σ 1,2,3 which can couple with the microwave fields. |0 is chosen as an ancillary level to probe the energy spectrum of the simulated system. The transition frequencies between different energy levels are ω 10 /2π = 7.172 GHz, ω 21 /2π = 6.831 GHz, respectively, which are independently determined by saturation spectroscopies. The energy relaxation time of the qubit is T 1 ∼7 µs, the dephasing time is T * 2 ∼6 µs. When we apply microwave drives along the x, y, and z directions, the effective Hamiltonian of the qubit in the rotating frame may be written as ( = 1 for simplicity)
where Ω 1 (Ω 2 ) corresponds to the frequency of Rabi oscillations along the x (y) axis on the Bloch sphere, which is continuously adjustable by changing the amplitude and phase of the microwave applied to the system. Ω 3 = ω 21 − ω m , is determined by the detuning between the system energy level spacing ω 21 and microwave frequency ω m . By carefully designing the waveform of the AWG, we can modulate the frequency, amplitude, and phase of the microwave. In our experiment, we first calibrated the parameters Ω 1 , Ω 2 , and Ω 3 using Rabi oscillations and Ramsey fringes, and then designed the microwave amplitude, frequency and phase
, point-by-point in the parameter space, with Ω = 10 MHz being the energy unit here. By mapping the parameter space of the driving two-level system to the k-space of a lattice Hamiltonian system, we have realized Eq. (1) exactly. It was predicted [17] that χ plays a crucial role in the realization of the double-helix nodal lines in topological semimetal. We first examined the transition of the Hopflink band structure with the change of χ. Starting from χ = −3, we measured the entire energy spectrum of the system over the first Brillouin zone (BZ). The energy spectrum is measured with a spin injection technique [21] . The system is always initialized in |0 . For a preset
, the construct microwave pulse drives the two-level system to obtain the Hamiltonian in Eq. (1). A probe microwave pulse is then sent in. When the frequency of the probe microwave matches the energy spacing between the eigenenergy of the Hamiltonian and |0 , the system will be excited to the eigenstate. A resonant peak of microwave absorption can then be observed. The frequency of the resonant peak represent the eigenenergy. We then gradually changed k x , k y , and k z , collecting all the eigenenergies from the resonant peaks of the spectrum. We can extract the band structure of the semimetal in the first BZ. The zero energy points of the band structure can be directly imaged as nodal points. A chain of connected nodal points forms a nodal line. In Fig. 2b , we plot the nodal lines in the first BZ. A feature of the Hopf-link topological semimetal, which is a double-helix structure, is clearly observed, indicating that we have successfully realized the Hopf-link topological semimetal. In addition, the positions of the nodal lines agree well with the theoretical calculation of Eq. (1) with λ = −3. With increasing χ, the surface S 2 expands, leading to a shape change of double-helix. At χ = 0, S 2 touches the boundary of the Brillouin zone, and the double-helix deforms to a cubic-like shape (middle panel in Fig. 2b ). At χ = 2, S 2 opens, forming a cylinder centered at (π, π). The intersection of S x and S y remains a double-helix shape (as shown in the bottom panel of Fig. 2b ).
Furthermore, one can take advantage of the full tunability of the superconducting circuit to demonstrate the topological transition and stability. First, we introduce an additional term H 1 = λ sin k y σ 1 to manipulate the topological link-unlink transition [17] . Here H 1 is in units of Ω, and λ is an adjustable parameter. Shown in Fig. 3a are nodal-line structures for different λ. When λ < 1, two nodal lines are linked. As we increased λ to larger than 1, the two nodal lines become separated, forming two topologically unlinked isolation loops. For λ = 1, the projection of the nodal lines connect at a single point. We can consider this point as the critical point of the transition. Since the Hamiltonian in Eq. (1) commutes with P T , the Hopf-link is protected by the joint space-time symmetry. In order to verify this, we add a term H 2 = ησ 3 (with η in units of Ω) to the Hamiltonian in Eq. (1). The modified Hamiltonian violates single P and T symmetry but preserves the joint P T symmetry. It is found that with increasing η, the band structure is distorted dramatically, and the positions as well as neighborhood geometries of the band-crossing lines are changed significantly. Nevertheless, these nodal lines are persistently present in the BZ without opening any gap, thus forming a double-helix, as shown in Fig. 3b . This strongly supports that the Hopf-link structure is protected by the P T symmetry.
Besides the band structure, the topological invariant quantity is another feature associated with topological phenomena. To characterize the linking number of the Hopf-link, which describes the connection of the nodal lines, we detect the Berry phase carried by a closed path enclosing or disclosing nodal lines in the parameter space from an adiabatic procedure [31, 32] . For the dashed loop showed in Fig. 4a , we design a closed path enclosing the Hopf-link chains in Brillouin zone to probe the Berry phase. The entire adiabatic evolution consists of two parts. One path, marked by the purple dashed line, which threads the link loop, contributes a Berry phase π. The other part, marked with grey dashed lines, contributes a null Berry phase. However, the loop in Fig.  4a is in momentum space. We have to map it from mo- mentum space to the parameter space of the superconducting qubit, as illustrated in Fig. 4b . Theoretically, the evolution path denoted by the purple dashed line is topologically equivalent to a circle along the meridian of the Bloch sphere. Without loss of generality, we design a geodesic to replace the original path by choosing {Ω x , Ω y , Ω z } = {sin θ cos φ+Λ 1 , Λ 2 sin φ, cos θ cos φ+Λ 1 }, where θ ∈ [0, π] and φ ∈ [0, 2π] are spherical coordinates. By tuning the parameters Λ 1 and Λ 2 , we can implement any closed path in the Brillouin zone. To detect the accumulated Berry phase after time evolution, we used the Ramsey fringe interference technique [33, 34] . This adiabatic approach has been demonstrated to be a convenient method to measure the Berry phase in superconducting circuits. If one prepares the qubit in a superposition state (|0 + |1 )/ √ 2, the evolution of |0 and |1 will acquire a relative Berry phase γ geo , which equals to 1/2 of the solid-angle enclosed by the circle denoted as C ± . The sign depends on the path direction. The relative phase of the quantum state after the evolution is extracted as Φ total = arctan(σ y /σ x ), which equals four times of the Berry phase. This agrees with the theoretical prediction, confirming the topological properties of the nodal rings. As shown in Fig. 4d , by adjusting the parameters Λ 1 and Λ 2 , we can move the position of the closed path in k-space. By moving the purple dashed line along the k x axis on the k z = 0 plane, the originally designed closed loop changes from enclosing to disclosing the red nodal line. The geometric phase measured then switches from π to 0 abruptly at k x = π/3, indicating that the closed path in the qubit parameter space is no longer a geodesic circle at this critical point. Furthermore, by moving the loop along k z on the k x = 0 plane, the closed path changes from enclosing a red nodal line to a blue nodal line. The Berry phase jumps from π to −π at k z = π/2, corresponding to the Berry phase obtained along the C ± loop. Therefore, in the first Brillouin zone, the Berry phase measured are well characterized topological connection of the nodal ring [17] .
Discussion
Experimentally realizing the Hopf-link band structures and thus investigating related interesting topological properties in real condensed matter systems are a challenge. Nodal lines with Hopf-chain structure have not been observed in any multi-particle system so far. The lack of technique for directly imaging the whole momentum-dependent electronic energy spectrum also prohibits the fundamental research of the complex topological band structure, noting only a part of the electronic spectra (or information of Fermi surfaces/points) may be inferred from the angle-resolved photoemission spectroscopy data (or quantum oscillation measurements) in bulk condensed matter systems. Furthermore, it seems extremely difficult to tune the parameters continuously for studying rich topological properties including various topological quantum phase transitions in real materials. Therefore, our simulations using artificial quantum systems, like superconducting quantum circuits, provide faithful topological properties of the system, which are useful to design related materials and devices.
Methods
We used the Ramsey fringe interference technique to measure the Berry phase. The schematic time profile of the measurement procedure is shown in Fig. 4c . At first, the qubit is initialized at (|0 + |1 )/ √ 2 by a π y /2 pulse. Then, we ramp the Hamiltonian linearly from {0, 0, Ω z } to {Ω x , 0, Ω z }, followed by a traverse along the geodesic path C + , by ramping the parameter φ = 2πt/T ramp , where T ramp = 400 ns. Since Ω is set as 2π× 25 MHz, the adiabaticity in the evolution is satisfied. Instantaneous spin-up and spin-down eigen-states of Hamiltonian (denoted by | ↑ and | ↓ ) obtains the relative phases Φ c± = ±γ geo + φ dym↑(↓) respectively, where the Berry phase γ geo = π in our experiments, and φ dym↑(↓) is the dynamical phase obtained in the procedure. After a resonant spin-echo π pulse is applied, the system evolves along C − , which has an opposite direction to C + , acquiring Φ c∓ = ∓γ geo + φ dym↓(↑) . The states finally evolve to exp[i(φ dym↑ + φ dym↓ + 2γ geo )] ↑ and exp[i(φ dym↑ + φ dym↓ − 2γ geo )] ↓ , therefore, the net relative phase gained during the complete procedure equals 4γ geo [33] . At the end of the evolution, we extract the phase of the qubit state by quantum state tomography. To map different paths in the first Brillouin zone, Λ 1 and Λ 2 are designed at various values. For instance, to move the closed loop with fixed k z = 0 as shown in Fig. 4d , Λ 1 is varied as (2 cos k x − λ)/2 and Λ 2 is set as 1.
